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SECTION -A
Answer any FIVEof the following. {5x2=10)

1. Is the function f(z) = Z analytic? Justify your answer.
2. Show that ||a| —|b]| < |a—d| where a,b € C.

10.
11.

12.

13.

14.

. Prove that an analytic function in a region whose derivative vanishes identically reduces
to a constant.

. Let f be complex valued function defined on a domain D. Let lim f(z) = A, then provecathat lim im(f(x)) = im(A) where im represents the imaginary part.Za

. When do we say that the points z and z* are symmetric with respect to the circle through
21, 22,237
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SECTION - B

Answer any FIVEof the following. (5x10=50)
. State and prove Cauchy's inequality. Also prove that

lay +agt...+an| = fai] + |ao|+...+lanl if and only if S > 0, for each %,j, where
j

a €C1<i<n(e+4)
a) Let f(z) = u(z) + iv(z) be defined on an open subset 2 of C such that u and v have
continous first order partial derivatives. If u and v satisfies the Cauchy Riemann
equation, then prove that f(z) is analytic on Q.
b} State and prove Lucas theorem. (5+5)

» Let {fn} be a sequenceof continuous complex valued function defined on a subset F of
C. Let f be a complex valued function defined on a subset & of C such that
fn converges to f uniformly on ZB, then prove that f is continous on #, Also state and
prove necessary and suffiecient condition for uniform convergence of a sequence of
complex valued function defined on a subset & of C.(5+5)
Prove that derivativeof an analytic fuction is also analytic.
State and prove the Cauchy's theorem for a rectangle.

dzState and prove the Cauchy’s integral formula and compute[ 5
.

lana 227-1
Prove that any linear transformation maps circles to circles.

If f(z) is continuous on a closed and bounded set # and analytic in the interior of E,
then show that the maximum of| f(z)| on B is assumed on the boundary of E. Also prove
that a non constant analytic function maps open sets onto open sets.(6+4)
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SECTION -A
Answer any FIVEof the following. (5x2=10)

. het X= {a, b, ch. Check whether the following collection is a topology or not:
a) m1 = {{a}, {c}, {a,b}, {a,c}}
b) 72 = {{a}, {0}, x}

2. Let A,B denote subsets of a space X. Prove that if A C B then ACB.
3. Let X and Y be two topological spaces. Prove that the map 7: X x Y + X defined by

10.
11.

12.
13.

14.

a(z,y) = & is continuous.
‘Let X = {0} U {i ine N}. Show that X is compact.
. Let f : X — X be a continuous map. Show that if X = [0, 1], then there exists a point
a € X such that f(x) = a.

. Prove or disprove: A First countable space need not be second countable,
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Answer any FIVE of the following. (5x10=50)
. Let X be a topological space. Suppose that & is a collection of open sets of X such that
for each open set U of X and each x €Uthere is an element C' € @ such that
zéCCU. Prove that ¥ is a basis for the topology of X. Also, if # and @' are bases
for the topologies 7 and 7’ respectively on the set X, then show that the following are
équivalent:
i) 7’ is finer than 7.
ii) For each 2 € X and each basis element B € @ containing z, there is a basis
element B’ € @’ such thatze B'CB. (6+4)

. Let Y be a subspace of X. Then prove the following:
a) The collection tT, = {YNU/U € r}is a topology.
b) A setis closed in Y if and onlyif it equals the intersection of a closed set of X with Y.
c) If Bis a basis for a topology T on X then the collection B, = {YNB/Be B} isa
basis for subspace topology 7, on Y. (44442)

. Let X be a hausdorff space. Then prove the following:
a) Each singleton set {x} is closed in X.
b}) A sequenceof points of X converges to at most one point of X.
¢) A subspace of a Hausdorff space is again a Hausdorff space. (3+3+4)
State and prove the sequence lemma for a topological space.
Let X be an ordered set having the least upper bound property in the order topology.
Prove that each closed interval in X is compact.
State and prove the uniform continuity theorem.
Prove the following:
a) A space X is connectedif and onlyif the only subsets of X that are both open and

closed in X are the empty set and_X itself.
b) The union of a collection of connected subspaces of X that have a point in commonisconnected. (5+5)
Prove the following:
a) Every normal spaceis regular.
b) Every metrizable space is normal. (3+7)
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SECTION -A
Answer any FIVE of the following. (5x2=10)

1, State Chebyshev's method to approximate a root of the equation F(x) =0.
2. Define a simple root and a multiple root. Find the multiplicity of the root z = 2 in

10.

1i.

12.

13.

14.

- Evaluate the integral I =

og —3n7+4=0.
_ Find the linear Lagrange interpolating polynomial, given F(2) = 4, f(2.5) = 5.5 and

hence find f(2.2).
1 dz

0 tas using composite Trapezoidal rule with 4 sub intervals.

. Using Runge-Kutta method of 2nd order, find an approximate value of y(0.2) for the IVP

yi =a2+y, y(0) = 1 taking step size h = 0.2.

. Solve the IVP u’ = —2tu?, u(0) = 1 using Euler's method. Find u(0.2) using step size

h= 0.2. 2 University} LIBRARY
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SECTION - B

Answer any FIVEof the following. (5x10=50)
. (a) If 6(a) is a contiuous function on some interval [ag, bo] that contains the root and

le (2)| < p< lin [@p, bg] then for any choice of ag € [ao, bo] prove that
{zy} determined from @n41 = (Zn )converges to the root a of & = g(a).

(b) Perform 3 iterations of the Bairstow method to extract the quadratic factor
«* + pq+q from the polynomial p(x) = 23 + 2% — 2 + 2. Use initial approximation

po = —0.9 and go = 0.9(6+4)
. (a) Derive Secant methodto find the root of the equation f(x) = 0 on the interval [a, 5].

(b) Use Secant method to find the rootof the equation f(z) = 2° — 2 — 1, whose root
lies in the interval (0,1). (5+5)

. (a) State and prove Gerschgorin theorem.
(b) Find the smallest eigen value in magnitude of the matrix

2 -1 O

A=|/—-1 2  —1] using inverse power method. (4+6)
0 -1 2

(a)Derive Gregory Newton Forward Interpolating polynomial.

(b)Derive the truncation error bounds formula given by |E(z)| < Me (5+5)

Evaluate the integral J = fh seni by using Lobatto 3-point formula and Radau 3-

point formula. Compare with the exact solution.

(a)Deduce the one-point and two-point formula for Gauss-Hermite integration method.
2

Also evatuate fe using Gauss Hermite 2-point formula.=
oo gtta+l]

(b)Derive 2-point Radau integration formula. (5+5)
(a) Derive the formula for midpoint method and hence solve the Ivey! = ep 90) =1,
h = 0.5, using midpoint method to find y(1.5).

(b) Solve the IVP, wu’ = ~2ut, u(0) = 2 to find u(0.2) using R-K method of 4th order.

Take h = 0.2. (644)
Derive Adam's Moulton method to solve an Initial value problem wu’ = f(t,u), u(to) = %o-
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SECTION -A

Answer any FIVEofthe following. (5x2=10)
1. Define the Jacobson radical of a ring. What is the Jacobson radical of R?
2. Define unit element in a ring. If u is a unit and & is a nilpotent in a ring, then show that

10.

11.

u+a is a unit.
. Let M be an A-module which is isomorphic to a quotient of A”, for some n € N then

prove that M is finitely generated.
. Let I be an ideal of a ring A and S$ be multiplicatively closed in A. Then show that
S-!A = §71T if and only if J meets S.

If N, P are submodules of an A-module M, and S is a multiplicatively closed set in A
then prove that $“1(NO P) = SINNSP.

- If Ais a noetherian ring and S$’ is a multiplicatively closed set in A, show that $—1A is
noetherian.
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Answer any FIVEof the following. (5x10=50)
. (a) Let J and J are ideals of A which are co-prime then show that IQ J=TIJJ.

(b)Let A bea ring and I), Io,...,J, be ideals of A. Prove that the map
n

¢:A>[] A/T, is surjective if and only if I;, J, are co-prime for all
fl1<jA#k<n. (446)

. (a) Prove that every non-zero ring has atleast one maximal ideal.
(b) Let A be a ring and M be a maximal ideal of A such that every element of 1+ M is
a unit in A.Then show that A is a local ring. (64+4)

. (a) If D denotesthe set ofall zero divisors of a ring A, then prove that
D= Ur(Ann(z)).

. 20
(b) Prove that for the ideals I and J of aring A, r(I+ J) = r(r(Z) + r(J)).(54+5)
(a) Let M,M’, and M" be A-modules. Prove that the sequence,

9
0-— M’ > M > M" - 0, is exactif and onlyif f is injective, g is surjective and g
induces an isomorphism of M/Imf onto M".
(b) Let f : M — N be an A-module homomorphism then show that
M/Kerf = Imgf (5+5)
(a) Let f : A —- B bearing homomorphism and let P be a prime ideal of A. Prove that
P is a contraction of a prime ideal of B if and only if P®% = P.
(b) If I, J are ideals of a ring A, with J finitely generated then show thatSr: J) =(S411: 8717). (6+4)

Contd .--&/



12.

13.

14.
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(a) Prove that every ideal in S—1.A is an extended ideal.
(b)Let A be a ring and let ¢ : M — N be an A-module homomorphism. For a
prime ideal P let Mp denote the S~!A~module S-1M, where S = A ~ P. Prove that
the following statements are equivalent:

i) @ is injective

ii) ép : Mp — Npis injective for each prime ideal P of A

iii) 6m : My + Nyx is injective for each maximal ideal M of A .(4+6)

(a) For a prime ideal P of A, prove that the ring of fractions A> is a local ring

(b) Let g: A > B bea ring homomorphism and S be a multiplicatively closed set in A
such that g(s) is a unit in B for every s € S. Prove that there is a unique ring
homomorphism h : S~1.4 > B such that g = ho f,where f : A > S-1A given by
f(a) = TacA .(4+6)
(a) Prove that in a Noetherian ring A every ideal is a finite intersection of irreducible
ideals,
(b) State and prove Second Uniqueness Theorem for primary decomposition.(4+6)
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