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SECTION -A
Answer any FIVEofthe following. (5x2=10)

. Let G be a group and a, b be any two elements in the group G, then prove that
(ab)“! =ba Va,b EG.
-If¢: G = G' is a group homomorphism of groups, then group that |G) |kerd||Im¢|.

3, Let H and K be any two subgroupsof a group G. Then show that
[H: HONK) <[G: K].

4. Let G be a group and S be thesetofall sub groups of G, then prove that G acts on S.
wu

. Prove that a p-group has a nontrivial center.
6. Define a characteristic of a ring. If Ris a ring with unity then prove that charR > 0 if and
only if n.1 = 0 Jus (Deemed to be University) LES
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SECTION - 8
Answer any FIVEof the following. (5x10=50)

10.
11.

12,
13.

14.

. Prove the following :

a) A subgroup NV of a group G is normal if and only if gNgi =N,VgeG.
b) A subgroup N of a group G is normal if and only if gN = Ng, Vg eG.
c) N is a normal subgroup of G if and onlyif product of right cosets of NV in G is again

a right coset of N in G. (3+3+4)
. State and prove the following:

a) Third isomorphism theorem.
b) Correspondence theorem for group.(S5+5)

. Define orbit of an element. Let G be a finite group, S be a non-empty set such that
G acts on S$ and let s € S . Then prove that the orderof orbit of s is the Index of the
stabilizer of s in G, i.e., |Os| = [G : Gs] . Hence show that O(G) = O(0,) . O(Gs).
(24+4+4) .

State and prove second and third sylow theorem.(4+6)
Prove that every group of order p’is abelian where p is a prime number. Also prove that
any group of order Pp is cyclic or is isomorphic to a product of two cyclic groups each of
order p .(4+6)
Prove that every group of order 15 and 35 are cyclic.(5+5)
If Ris a commutative ring with identity and J is an ideal of #2, then prove that
R/I = {x+I:2 € R} is a commutative ring with identity. Also Prove that for any
commutative ring R with identity, an ideal P of Ris a prime ideal of Rif and only if R/P
is an integral domain.(5+5)
Prove the following:
a) Zy is a field, where p is a prime number.
b) Every finite integral domain is a field.
c) If Ris a nonzero integral domain, then characteristic of 2 is either zero or prime
number.(3+3+4)
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10.

11.

SECTION -A
Answer any FIVE of the following. (5x2=10)

. For any n X 7m matrix A prove that det(A*)=det(A)
- Define elementary matrices and different types of elementary matrices.
- Define a basis for a vector space. Also prove that {(1, 2), (3,4)} forms a basis of R? over
R.

. Find the dimension of the vector space of all n x n matrices over a field F' with trace
zero.

-l1 -1 0
. Find the eigenvalues of 1 0 —]|over the field R.

-1 0 0

x
3 2 : : et+y|.Let T: RY —> R* bea linear map given by T(| y |) = .Find Kernel of T. Is Taytz

bijection? Justify St Aloysius (Deemed to be Universite) L' TRARY
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SECTION - B
Answer any FIVE of the following. (5x10=50)

- (a)Write the properties of determinant function
(b)Let A, B be any two n x n matrices, then prove that det(AB)=det (A) det (B) (446)

- (a)Prove that the system A?X = B! and AX = B have same solutions, where[A+]B?] is obtained from [A|B] by applying finitely many elementary row operations.
(b)Show that the elementary matrices are invertible and their inverses are also
elementary. (4+6)

- (a)Let V be a vector space over a field F and let Wi, We be subspaces of V. Then provethat W1, We are independent if and only if Wy MWe = {0}.
(b)Let V be a finite dimensional vector space overa field F. If Wis a subspace of V then
prove that there exists a subspace W! of V such that V — W@W}, (446)
(a)Let W be a subspaceof a finite dimensional vector space V. Prove that W isfinitedimensional and dim W < dim V , moreover dim W = dim V if and only if W= VY.

(b)Find a basis for the subspace of IR’ spanned by the vectors (1,2,-1,0),(4,8,-4,-3),(0,1,3,4) and (2,5,1,4). (6+4)
(a)Let V be a finite-dimensional vector space over a field F’. Prove that

1. a finite set S which spans Vcontains a basis for V
2. a finite linearly independent set L can be extended to a basis of V.

(b)Let V_ be a finite dimensional vector space overa field F'. If S is a finite set that
spans V and L is a finite linearly independent set in V_ then prove that |Z] < |S].(5+5)
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12.

13.

14.
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(ajLet T : V —> W be a linear mapof the vector spaces V, W over a field F of
dimensions n,m respectively. Let A be the matrix of T with respect to the bases B and C

of Vand W respectively. Prove that the matrix of J’ with respect to any two bases of V
and W is given by QAP! where Q € GL,,(F) and P € GL, (F)
(b) Prove that the row rank and column rank of an m x nm matrix are equal. (7+3)
(a) Show that the eigenvectors corresponding to distinct eigenvalues are linearly

independent.
2

(b) Diagonalize the matrix ? ‘ : (5+5)

Prove the following are equivalent fora map m: R” > R” :

1. m is a rigid motion of R® which fixes the origin.

2. m. preserves dot product.

3. m is the left multiplication by an orthogonal matrix. (10)
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SECTION -A

Answer any FIVE of the following. (5x2=10)
. Write the dual of the following:
Maximize z, = @) ~ 22+ 323
subjectto zi; +22+23 < 10

eg — Sty S
21,%2,23 > 0

A pineapple firm produces two products-canned pineapple and canned juice, The specific
amounts of material, labour and equipment required to produce each product and the
availability of each of those resources are shownin the table given below:
i [Canned Juice [Canned Fruit /Available resources
[-Labour(Hour) | 3 [ 2 ia 12
[Equipment(Hour) | 1 [2.3 6.9
[ Material (Unit) | 1 [1a 4.9
Assuming one unit each of canned pineapple and canned juice has a profit margin of
= 1 and 2 2 respectively, form a linear programming problem to determine the units of the
products to be produced to maximise the profit.

. Obtain the initial basic feasible solution to the following transportation problem using the
least cost method.

i IBRARY
St Aloyslus (Deemed to he University) 1!
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. Find an initial basic feasible solution of the following problem using the north west corner
rule.

| | Banglore [Nasik|Bhopal|Delhi[Capacity8 30
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SECTION - B

AnsweranyFIVEof the following. (5x10=50)
7. Solve using the simplex method:

Minimize z = 2, — 329 + 2a
subject to 3a; —t2+2z3 <7

~22,+4a < 12
—42z, + 3x2 + 8x3 < 10

£1, 59,23 > 0

8. Solve the following linear programming problems graphically:
a) Maximize z = 82 + 7x2

subject to 321 +2 < 66000
2, +22 < 45000

ny s 20000" St Aloyslus (Deemed to he University) LIBRARY
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b) Maximize z = 4a + 5y
subject to z+ y < 20

3x +4y < 72

zy 20 (5+5)

9. Solve using the Big M Method:
Minimize z = —3a, + 2a
subject to u,—4%. < -14

32, +20. < 6

51,22 20
10. Find the optimal transportation plan:

[ (a [ar [am [iv [v[_ Available

|

[

|

[

A [7 fefa[s{9/40B fells le [7 |s8/ 30

c [efelo |e |[s| 20
D [s [7 C7 [8 [el 20

Required 30 [30 | 15 [20 [s|
11. Four different jobs can be done on four different machines. The matrix below gives the

cost in rupees of producing a job 7 on the machine j. How should the jobs be assigned to

the various machines so that the total cost is minimised? Also, formulate the
mathematical model for the problem. Showall the working and steps.

“12. A productis produced by 4 factories A, B, C and D.The unit production cost in them

are 22, 23, €1 and @5 respectively. Their production capacities are :

Factory A — 50 units, Factory B — 70 units, Factory C — 30 units and Factory
D— 50 units, These factories supply the product to 4 stores, the demands of which are
25, 35, 105 and 20 units respectively. Unit transportcost in rupees from each factory to
each store is given in the table below:
Factories/Stores| 51 So

Fy 2 4

[_& 10 [8 7 [5

3

6
E BB 13

[TF [47
Determine the extentof deliveries from eachof the factories to each of the stores, so that
the total production and transportation cost is minimum.

13. Explain the method of solving games by the rule of dominance and hence solve:
Player A/Player Bf 1 2 3 5rrfrpsy2[74)med [3[4fits|6]51»

ww »
TIL (es[7[6|LvfaFofe)814. Write down the algorithm for solving 2 x n matrix games using the graphical method.

Hence solve :
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SECTION -A

Answer any FIVEofthe following. (5x2=10)
. Show that the sum of degrees ofall points of a graph G is twice the number of linesin G.
* Define the complement G of a connected graph G. Prove or disprove: If G, and G2 are
graphs then Gj + Gz = GitG.

. Prove that every nontrivial tree has atleast two end points.
4. Define connectivity and line connectivity for a graph G.

10.

11.

12,

13,

14,

. For any graph G,prove that x(G) < 1+ A(G), where AGis the maximum degree of
a pointin G.

.If G is (p,q) plane graph with & components, then prove thatp—q+r=k+1.
St Aloysius (Deetien i> &
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Answer any FIVEof the following. (5x10=50)
. (a)Let G be a graph. Prove that any closed walk of odd length in G contains an odd cycle.
(b)For any graph G with six points prove that either G or G contains a triangle.(5+5)

. Let G be a graph with p > 4 points, Then prove that the intersection number w(G) = qif
and only if G has no triangles.

. Let z be a line of a connected graph G. Prove that the following statements are
equivalent :

1. 2 is a bridge of G.
2. @ is not on any cycle of G.
3, There exists points u and v of G such that the line z is on every path joining uw and
v

4, There exists a partition of V onto subsets U and W such that for any points
u€U andw € W, the line 2 is on every path joining u and w.

Let G be a connected graph with at least three points. Prove that G is a block if every
two points of G lie on a common cycle. Show that a cubic graph G hasa cut point if and
only if it has a bridge.(4+6)
Prove that the following statements are equivalent for a connected graph G :

i) G is Eulerian.
ii) every point of G has even degree.
iii) the set of lines of G can be partitioned into cyctes.
Prove that in a connected graph the minimum numberof points separating two non-
adjacent points s and ¢ is the maximum numberof disjoint s — ¢ paths.
If G is a plane mapwith p vertices g edges and r faces, then prove thatp—qt+r=2,
Also prove that the graph Ks and 3.3 are nonplanar. (5+5)
Prove that any planar graph is 5—colorable. Also for any graph G with p points, prove
that

02/79 SX+RSptl
; +1psx < (Ay (5+5)
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